Quantum phase transitions between competing equilibrium shapes of nuclei with an odd number of nucleons are explored using a microscopic framework of nuclear energy density functionals and a fermion-boson coupling model. The boson Hamiltonian for the even-even core nucleus, as well as the spherical single-particle energies and occupation probabilities of unpaired nucleons, are completely determined by a constrained self-consistent mean-field calculation for a specific choice of the energy density functional and pairing interaction. Only the strength parameters of the particle-core coupling have to be adjusted to reproduce a few empirical low-energy spectroscopic properties of the corresponding odd-mass system. The model is applied to the odd-A Ba, Xe, La and Cs isotopes with mass A ≈ 130, for which the corresponding even-even Ba and Xe nuclei present a typical case of γ-soft nuclear potential. The theoretical results reproduce the experimental low-energy excitation spectra and electromagnetic properties, and confirm that a phase transition between nearly spherical and γ-soft nuclear shapes occurs also in the odd-A systems.
I. INTRODUCTION
In many areas of physics and chemistry, quantum phase transitions (QPT) present a prominent feature of strongly-correlated many-body systems [1] . In atomic nuclei, in particular, a QPT occurs between competing ground-state shapes (spherical, axially-deformed, and γ-soft shapes) as a function of a non-thermal control parameter -the nucleon number [2] . Even though in most cases nuclear shapes evolve gradually with nucleon number, in specific instances, with the addition or subtraction of only few nucleons a shape transition occurs characterized by a significant change of several observables and can be classified as a first-order or second-order QPT. Of course, in systems with a finite number of particles a QPT is smoothed out to a certain extent and, in the nuclear case, the physical control parameter takes on only integer values. Therefore, the essential issue in nuclear QPT concerns the identification of a particular nucleus at a critical point of phase transition, and the evaluation of observables that can be related to quantum order parameters.
Several empirical realizations of nuclear QPT and related critical-point phenomena have been observed in different regions of the chart of nuclides. In the rare-earth region, for instance, a rapid structural change occurs from spherical vibrational to axially-deformed rotational nuclei, and is associated with a first-order QPT [3, 4] . Evidence of a second-order QPT that occurs between spherical vibrational and γ-soft systems has also been found in several mass regions, and one of the best studied cases are the Ba and Xe nuclei with mass A ≈ 130. In particular, the isotope 134 Ba has been identified [5] as the first empirical realization of the E(5) critical-point symmetry [6] of a second-order QPT.
Numerous theoretical studies have explored, predicted and described nuclear QPTs, based on the nuclear shell model [7, 8] , nuclear density functional theory [9, 10] , geometrical models [2] , and algebraic approaches [2, 11] .
Most of these analyses, however, have only considered even-even nuclei. In these systems nucleons are coupled pairwise, and the low-energy excitation spectra are characterized by collective degrees of freedom [12, 13] . A theoretical investigation of QPT in systems with odd Z and/or N can be much more complicated because one needs to consider both the collective (even-even core) as well as single-particle (unpaired nucleon(s)) degrees of freedom that determine low-energy excitations [13] . Important questions that must be addressed when considering QPTs in odd-A systems include the effect of the odd particle on the location and nature of a phase transition, and the identification and evaluation of quantum order parameters. QPTs in odd-mass systems currently present a very active research topic [14] [15] [16] . In the last few years a number of phenomenological methods have been developed to study QPTs in odd-A nuclei [14] [15] [16] [17] [18] [19] . Microscopic approaches, however, have not been extensively applied to QPTs in these systems.
Recently we have developed a new theoretical method [20] for odd-mass nuclei, that is based on nuclear density functional theory and the particle-vibration coupling scheme. In this approach the even-even core is described in the framework of the interacting boson model (IBM) [21] using s and d bosons, that correspond to collective pairs of valence nucleons with J π = 0 + and 2 + [22] , respectively, and for the particle-core coupling the interacting boson-fermion model (IBFM) [23] is used. The deformation energy surface of an even-even nucleus as a function of the quadrupole shape variables (β, γ), as well as the single-particle energies and occupation probabilities of the odd nucleons, are obtained in a self-consistent mean-field calculation for a specific choice of the nuclear energy density functional (EDF) and a pairing interaction, and they determine the microscopic input for the parameters of the IBFM Hamiltonian. Only the strength parameters of the boson-fermion coupling terms in the IBFM Hamiltonian have to be adjusted to low-energy data in the considered odd-A nucleus. In Ref. [24] this method has been applied to an analysis of the signatures of shape phase transitions in the axially-deformed oddmass Eu and Sm isotopes, and several mean-field and spectroscopic properties have been identified as possible quantum order parameters of the phase transition.
The aim of this work is to extend the analysis of Ref. [24] to γ-soft odd-A systems. In the present study we consider odd-A Xe (Z = 54), Cs (Z = 55), Ba (Z = 56) and La (Z = 57) isotopes with mass A ≈ 130. As mentioned above, the even-even nuclei of Ba and Xe in this mass region present an excellent example of a secondorder QPT that occurs between nearly spherical and γ-soft equilibrium shapes [2] . The low-lying states of the corresponding odd-A nuclei are described in terms of the even-even cores Ba and Xe, coupled to an unpaired neutron (odd-A Ba and Xe) or proton (odd-A La and Cs). Similarly to our previous work on QPTs in odd-N (Sm) and odd-Z (Eu) nuclei [24] , here we consider the two possible cases that arise in odd-A systems: (i) the unpaired nucleon (neutron) is of the same type as the control parameter (neutron number) of the corresponding even-even boson core nuclei (the case of odd-A Ba and Xe), and (ii) the unpaired nucleon (proton) is of different type from the control parameter (the case of odd-A La and Cs). In general, the boson-fermion interaction will not be the same in the two cases and, therefore, one expects a distinct effect on the shape-phase transition that characterizes the even-even boson core.
Section II contains a short outline of the theoretical method used in the present study. In Sec. III we analyze the deformation energy surfaces for the even-even Ba and Xe isotopes, and compare the calculated low-energy excitation spectra and electromagnetic properties of the odd-mass Ba, Xe, La, and Cs nuclei to available spectroscopic data. We also compute and examine quadrupole shape invariants as signatures of shape phase transitions in odd-A γ-soft systems. A summary of the main results and a brief outlook for future studies are included in Sec IV.
II. MODEL PARTICLE-CORE HAMILTONIAN
The IBFM Hamiltonian, used here to describe the structure of excitation spectra of odd-A nuclei, consists of three terms: the even-even boson-core IBM HamiltonianĤ B , the single-particle Hamiltonian for the unpaired fermionsĤ F , and the boson-fermion coupling Hamilto-
The number of bosons N B and fermions N F are assumed to be conserved separately and, since in the present study we only consider low-energy excitation spectra, N F = 1. The building blocks of the IBM framework are s and d bosons that represent collective pairs of valence nucleons coupled to angular momentum J π = 0 + and 2 + , respectively [22] . N B equals the number of valence fermion pairs, and no distinction is made between proton and neutron bosons. We employ the following form for the IBM HamiltonianĤ B : 
, where a † j and a j are the fermion creation and annihilation operators, respectively, and j denotes the single-particle energy of the orbital j. For the boson-fermion coupling HamiltonianĤ BF we use [23] :
where the first and second terms are referred to as the quadrupole dynamical and exchange interactions, respectively. The third term represents a monopole bosonfermion interaction. The strength parameters Γ jj , Λ j jj and A j can be expressed, by use of the generalized seniority scheme, in the following j-dependent forms [25] :
where γ jj = (u j u j − v j v j )Q jj and β jj = (u j v j + v j u j )Q jj , with the matrix element of the quadrupole operator in the single-particle basis Q jj = j||Y (2) ||j . The factors u j and v j denote the occupation amplitudes of the orbit j, and satisfy the relation u 2 j + v 2 j = 1. Γ 0 , Λ 0 and A 0 are strength parameters that have to be adjusted to low-energy structure data. A more detailed description of the model, and a discussion of various approximations, can be found in Ref. [20] .
The first step in the construction of the IBFM Hamiltonian Eq. (1) are the parameters of the boson-core IBM termĤ B that are determined using the mapping procedure developed in Refs. [26] [27] [28] : the (β, γ)-deformation energy surface, obtained in a constrained self-consistent mean-field calculation that also includes pairing correlations, is mapped onto the expectation value ofĤ B in the boson condensate state [29] . This procedure fixes the values of the parameters d , κ and χ of the boson HamiltonianĤ B . As in our two previous studies of Refs. [20] and [24] , the deformation energy surfaces of even-even Ba and Xe isotopes are calculated using the relativistic HartreeBogoliubov model based on the energy density functional DD-PC1 [30] , and a separable pairing force of finite range [31] . The corresponding parameters of the IBM Hamiltonian for the isotopes 128−136 Ba and 126−134 Xe are listed in Table I . For the fermion valence space we include all the spherical single-particle orbitals in the proton (neutron) major shell Z(N ) = 50 − 82 for the odd-A La and Cs (Ba and Xe) isotopes: 3s 1/2 , 2d 3/2 , 2d 5/2 and 1g 7/2 for positiveparity states, and 1h 11/2 for negative-parity states. Consistent with the definition of the IBFM Hamiltonian, the spherical single-particle energies j and the occupation probabilities v 2 j are obtained from the RHB model. The same RHB model calculation that determines the entire (β, γ)-deformation energy surface, when performed at zero deformation and with either the proton or neutron number constrained to the desired odd number, but without blocking, gives the canonical single-particle energies and occupation probabilities of the odd-fermion orbitals included in Tabs. II and III, respectively. Note that the exchange boson-fermion interaction in Eq. (3) takes into account the fact that the bosons are fermion pairs.
Finally, the three strength constants of the bosonfermion interactionĤ BF (Γ ± 0 , Λ ± 0 and A ± 0 ) are the only phenomenological parameters and, for each nucleus, their values are adjusted to reproduce a few lowest experimental states, separately for positive-and negative-parity states [20] .
In Tab. IV we display the fitted strength parameters ofĤ BF for the positive-parity states. The strength of the quadrupole dynamical term Γ + 0 is almost constant for each isotopic chain, except for the heaviest isotopes near the closed shell at N = 82, whose structure differs significantly from the lighter ones. The strength parameter of the exchange term Λ + 0 exhibits a gradual variation (either increase or decrease) with neutron number. While in the phenomenological IBFM calculations [32, 33] a jindependent monopole strength was used for all fermion orbitals, in the present analysis, as in our previous study of Ref. [20] , the strength parameter of the monopole interaction is allowed to be j-dependent, A 0 ≡ A j for positive-parity states. This is because the microscopic single-particle energies that we use in the present calculation are rather different from the empirical ones em- ployed in Refs. [32, 33] . In the case of 135 Ba, for instance, the single-particle orbital 2d 3/2 is here calculated ≈ 0.5 MeV above the 3s 1/2 orbital. In the fully phenomenological model of Ref. [33] , on the other hand, the ordering of the two orbitals is reversed, that is, d 3/2 < s 1/2 . This is consistent with the empirical interpretation that the lowest and second-lowest positive-parity states of 135 Ba, with J π = 3/2 + 1 and 1/2 + 1 , are predominantly based on the 2d 3/2 and 3s 1/2 configurations, respectively. To reproduce the correct empirical level ordering of the lowest two positive-parity states of 135 Ba, here the monopole term is adjusted specifically for the 2d 3/2 orbital so that the J π = 3/2 + 1 state becomes the lowest positive-parity state. We have also verified that with an j-independent monopole strength the empirical low-lying positive-parity spectra of 135 Ba cannot be reproduced. For the negative-parity states (Tab. V), the three strength parameters (Γ The resulting IBFM HamiltonianĤ is diagonalized in the spherical basis |j, L, α, J using the code PBOS [34] , where α = (n d , ν, n ∆ ) is a generic notation for the boson quantum numbers in the U(5) symmetry limit [21] , that distinguish states with the same angular momentum of the boson system L. J is the total angular momentum of the coupled boson-fermion system, and satisfies the condition |L − j| ≤ J ≤ L + j.
By using the corresponding eigenfunctions, electromagnetic decay properties, such as E2 and M1 transition rates, and spectroscopic quadrupole and magnetic moments, are calculated for the odd-mass systems. The E2 operator contains the boson and fermion termsT
where e B is the boson effective charge and χ is a parameter. The fermion E2 operator used in the present calculation reads:
with the fermion effective charge e F . As in many phenomenological studies and also in our previous articles on shape-phase transitions in odd-A nuclei [20, 24] , the effective charge e B is determined by the experimental value of B(E2; 2
in each even-even core nucleus. The parameter χ is adjusted to reproduce the experimental spectroscopic quadrupole moment of the 2
) of
136 Ba, and is fixed to the value χ = 0.35 for all nuclei considered in the present study. Finally, the value of the fermion effective charges e F are adjusted to the experimental values of Q 5/2 + 1 of 137 La and Q 11/2 − 1 of 137 Ba. The corresponding proton e p = 0.250 eb and neutron e n = 0.125 eb effective charges are used for the odd-Z nuclei and odd-N nuclei, respectively. These values are consistent with standard IBFM calculations performed in this and other mass regions [33, [35] [36] [37] , as well as with the microscopic analysis of the IBFM [38] . The M1 operator is given bŷ
whereT (M 1) B = g BL is the boson M1 operator, and the fermion operatorT
with
and l is the orbital angular momentum of the singleparticle state. The value of the boson g-factor is g B = µ 2
is the magnetic moment of the state 2
of the even-even nucleus, and the corresponding experimental value is used for this quantity. For the fermion g-factors: g l = 1.0 µ 2 N for the odd proton, and g l = 0 for the odd neutron, and free values of g s are quenched by 30 % as used, for instance, in Refs. [20, 38] .
Summarizing this section, we note that the IBFM Hamiltonian (1) in the present implementation contains altogether twenty-two parameters. While the parameters of the boson and fermion Hamiltonians are determined by the microscopic self-consistent mean-field calculation, nine parameters: Γ ± 0 , Λ ± 0 and A j for five orbitals, are specifically adjusted to experimental low-energy excitation spectra. In addition, the four parameters e B , χ , e p and e n of the E2 operator, are adjusted to reproduce specific E2 data.
III. SIGNATURES OF SHAPE PHASE TRANSITIONS IN THE ODD-A γ-SOFT NUCLEI A. Deformation energy surface
As explained in the previous section, the deformation energy surfaces for a set of even-even Ba and Xe isotopes that determine the parameters of the IBM Hamiltonian, are calculated as functions of the polar deformation parameters β and γ [12] , using the constrained relativistic Hartree-Bogoliubov method based on the functional DD-PC1 [30] and a separable pairing force of finite range [31] . A triaxial binding energy map as a function of quadrupole shape variables is obtained by imposing constraints on both the axial and triaxial mass quadrupole moments. In Figs. 1 At the self-consistent mean-field level the RHB en-ergy surfaces display a gradual transition of equilibrium shapes as a function of the (valence) neutron number. One notices that the RHB energy surfaces for the Ba and Xe isotopes are very similar and, for this reason, we discuss only the results for the Ba isotopes. As shown in Fig. 1 , the shape is noticeably soft in γ deformation for 130,132 Ba with a very shallow triaxial minimum in the interval γ = 10 • − 20
• . As the number of valence nucleons (neutron holes) decreases for 134 Ba, the potential appears to become almost completely flat in γ direction, which is a typical feature of transitional nuclei.
136 Ba displays a nearly spherical shape with a minimum at β ≈ 0.1, reflecting the N = 82 neutron shell closure. It is interesting that the equilibrium shapes for the Ba nuclei display no significant change in the axial deformation β as a function of the neutron number. We also note that the RHB energy surfaces for the Xe isotopes appear to be somewhat softer in γ when compared to the corresponding Ba neighbors.
In the present analysis we are particularly interested in transitional nuclei.
134 Ba is located between the nearly spherical shapes close to N = 82 and the γ-soft shapes of lighter isotopes. This nucleus was analyzed as the first empirical realization [5] of the critical point of second-order QPT between spherical and γ-soft shapes, described by the E(5) symmetry [6] . This symmetry corresponds to the five-dimensional collective Hamiltonian (the intrinsic variables β and γ and the three Euler angles), with an infinite square-well potential in the axial deformation β, and independent of γ [6] . One notices that the microscopic deformation energy surface of 134 Ba in the present calculation is closest to the E(5)-like potential: it is flat-bottomed for small values of the axial deformation β < 0.2, and almost completely flat in the γ direction. A similar shape is predicted for 132 Xe.
B. Low-energy excitation spectra
A QPT is characterized by a significant variation of order parameters as functions of the physical control parameter. While the analysis of potential energy surfaces provides an approximate indication of QPT at the meanfield level, the intrinsic deformation parameters are not observables and a quantitative analysis of the nuclear phase transitions must, therefore, extend beyond the simple Landau approach to include a direct calculation of observables that can be interpreted as quantum order parameters.
To illustrate the level of accuracy with which the boson-core Hamiltonian, with parameters determined by mapping the microscopic energy surface onto the expectation value of the IBM Hamiltonian, describes spectroscopic properties of even-even systems, we begin by comparing in Fig. 3 the computed excitation spectra for the low-lying states of the even-even 128−136 Ba and 126−134 Xe isotopes to available data [39] . Evidently the model calculation reproduces the empirical systematics of low- 134 Ba calculated with the microscopic IBM, in comparison to available data [4, 39] . The excitation spectrum that corresponds to the E(5) symmetry limit is also displayed, with the excitation energy of the state 2 lying excitation spectra. In particular, the γ-softness of the effective nuclear potential is characterized by closelying 4 134 Ba is considered an excellent example of empirical realization of the E(5) critical-point symmetry [5] . In Fig. 4 we compare the calculated energy spectrum of this nucleus with the experimental low-energy levels, as well as with the spectrum corresponding to the E(5) symmetry limit. In comparison to the experimental levels, the present calculation generally predicts higher excitation energies, but exhibits several features that correspond to the E(5) symmetry, including the close-lying (4 In the following we focus the analysis on the results for odd-A systems. Figures 5-8 display the calculated low-energy positive (π = +1) and negative-parity (π = −1) levels of the odd-A isotopes 129−137 Ba, 127−135 Xe, 129−137 La and 127−135 Cs, respectively, as functions of the neutron number, in comparison with the experimental excitation spectra [39] . We note a remarkable agreement between theory and experiment for both π = +1 and π = −1 states in all four isotopic chains.
A specific signature of QPT in odd-A nuclei is the change of the ground-state spin at a nucleon number that corresponds to the phase transition. For the odd-A Ba isotopes show in Fig. 5 , for instance, the spin of the lowest positive-parity state changes from J π = 1/2 + to 3/2 + at N = 79, while the change of the lowest negativeparity state from J π = 9/2 − to 11/2 − is observed at N = 77. This result is in agreement with the assumption that the QPT in the even-even Ba isotopes occurs at N = 78, that is, for 134 Ba. It also illustrates the difficulty in locating the point of shape-phase transition when the physical control parameter (neutron number in Empirically, it has been suggested that these states predominantly correspond to the 1g 7/2 configuration [32, 39] , reflecting the fact that the 1g 7/2 single-particle orbital is particularly low at N = 73, and close in energy to the 3s 1/2 and 2d 3/2 orbitals. In our analysis, the calculated wave functions of the 7/2 terpretation of these states. Figure 6 displays a similar pattern for the odd-A Xe isotopes, except that in this case the change in spin of the lowest positive and negative parity states occurs already at N = 77 and N = 75, respectively. In the odd-Z systems 129−137 La (Fig. 7) and 127−135 Cs (Fig. 8) , on the one hand we notice the crossings between low-energy positive-parity levels in the transitional region between N = 76 and N = 78. On the other hand, the negative-parity states of both odd-A La and Cs isotopes exhibit essentially the same level structure throughout the isotopic chains, that is, the band built on the 11/2 − state that follows the ∆J = 2 systematics of the weak coupling limit.
C. Detailed level schemes of selected odd-A nuclei
The details of the IBFM results are illustrated for one odd-A nucleus of each isotopic chain:
135 Ba, 129 Xe, 133 La, and 131 Cs. These specific nuclei are close to the shape-phase transition point, their low-energy level sequences are experimentally well established, and there is sufficient data to compare with model results, especially for the E2 and M 1 transitions, as well as spectroscopic moments. Note that the calculated levels are classified into bands according to the dominant E2 decay branch.
135 Ba is of particular interest in the present analysis, since the corresponding even-even core 134 Ba can be, to a good approximation, characterized by the E(5) criticalpoint symmetry of the second-order QPT. In Ref. [41] the E(5/4) model of critical-point symmetry for oddmass systems was developed, based on the concept of dynamical supersymmetry. The E(5/4) model describes the coupling of an unpaired j = 3/2 nucleon to the even- even boson core with E(5) symmetry. In fact, the first test of the E(5/4) Bose-Fermi symmetry [40] considered the low-energy spectrum of 135 Ba in terms of the neutron 2d 3/2 orbital coupled to the E(5) boson core 134 Ba. In Fig. 9 we compare the IBFM low-energy positive-parity spectrum of 135 Ba and the corresponding B(E2) values with the predictions of the E(5/4) model, as well as with the experimental excitation spectrum [40] . Evidently the E(5/4) spectrum is more regular, that is, it displays degenerate multiplets of excited states, when compared to both the present IBFM and experimental energy spectra. Moreover, the E2 branching ratios of the E(5/4) model, e.g., from the excited 3/2 + states, differ from those obtained in the present calculation. This is not surprising because E(5/4) presents a simple scheme that takes into account only a single neutron valence orbit 2d 3/2 . In the phenomenological IBFM calculation that was carried out in Ref. [40] , the wave functions of the 1/2 + 1 and 1/2 + 2 states were found to be mainly composed of the 3s 1/2 and 2d 3/2 configurations, respectively, and it was thus suggested that the 1/2 + 1 state in the first excited E(5/4) multiplet should be compared with the experimental 1/2 + 2 state. Similar results are also obtained in the present calculation, as the 3s 1/2 and 2d 3/2 configurations account for 58% and 78% of the wave functions of the 1/2 + 1 and 1/2 + 2 states, respectively. The present IBFM results reproduce the experimental excitation spectrum rather well, except for the fact that several non-yrast states, such as 1/2 + 2 , are calcu-lated at higher excitation energies. In Tab. VI we also compare in detail the calculated B(E2) and B(M 1) transition strengths, as well as the spectroscopic quadrupole (Q J ) and magnetic (µ J ) moments, with available data [39] . Considering the complexity of the level scheme and the large valence neutron space, a relatively good agreement is obtained between the calculated and experimental electromagnetic properties. In Fig. 10 we display a detailed comparison between the IBFM theoretical and experimental [39] lowest-lying positive-and negative-parity bands of 129 Xe. For both parities the present calculation reproduces the structure of the experimental bands, especially the band-head energies. The low-energy positive-and negative-parity bands, both theoretical and experimental, exhibit a ∆J = 2 systematics characteristic of the weak coupling limit.
The theoretical positive-parity bands are generally more stretched than the experimental ones, whereas a very good agreement between theory and experiment is obtained for the two negative-parity bands. Next we consider the two odd-Z nuclei, for which the low-lying states predominantly correspond to the 1g 7/2 , 2d 5/2 (positive-parity) and 1h 11/2 (negative-parity) proton configurations. Figure 11 compares several calculated low-energy positive-and negative-parity bands of 133 La with available data. One notices a good agree-ment between the theoretical and experimental excitation spectra, except for that fact that some of the calculated bands, that is, the band built on the 7/2 + 1 state and the two negative-parity bands, appear more stretched than their experimental counterparts. Similar to 129 Xe, all the low-energy positive-and negative-parity bands shown here exhibit a ∆J = 2 weak-coupling structure. The calculated and experimental B(E2) and B(M 1) values, as well as the electromagnetic moments are listed in Tab. VIII. The theoretical excitation spectrum of 131 Cs, shown in Fig, 12 , is very similar to that of 133 La and, again, a very good agreement is obtained between the IBFM results and experiment. The calculated E2 and M1 transition strengths and electromagnetic moments are compared with the data [39] in Tab. IX. We note that the model calculation qualitatively reproduces the complex transition pattern, but obviously the theoretical wave functions do not reflect the full extent of configuration mixing in this nucleus. Another signature of possible shape-phase transitions related to the γ-softness of the effective nuclear potential, can be computed from E2 transition rates. Here we specifically analyze quadrupole shape invariants [42] (denoted hereafter as q-invariants), calculated using E2 matrix elements. The lowest-order q-invariants for a given state with spin J, relevant for the present study, are defined by the following relations [43] :
where J = J +2, and the sum is in order of increasing excitation energies of the levels J . Only a few lowest transitions contribute to the q-invariants significantly and, in the present study, the sum runs up to n = 5. For eveneven systems, we calculate the q-invariants for the 0
ground state, which means J = 0 + 1 and J = 2 + . The effective deformation parameters, denoted as β eff and γ eff , can be obtained from q 2 and q 3 [43] :
where R 0 = 1.2A 1/3 fm, and (J 2J0|JJ) is the ClebschGordan coefficient.
In Fig. 13 we plot β eff and γ eff for the even-even isotopes 128−136 Ba and 126−134 Xe, as functions of the neutron number. One notices that, both for Ba and Xe nuclei, β eff exhibits only a gradual decrease with neutron number. This correlates with the mean-field result, which indicates that the β deformation does not change significantly as a function of neutron number (cf. Figures 1 and  2 ). In contrast, γ eff displays a distinct peak at N = 78 for Ba and at N = 76 for Xe, which could be associated with the phase transition between nearly spherical and prominently γ-soft shapes. Indeed, the deformation energy surface at around these neutron numbers resembles the potential in the E(5) model, which is flat-bottomed in an interval of the axial deformation β, and independent of γ.
In the case of odd-A nuclei the spin of the ground state is not always the same for all isotopes, and we have thus calculated β eff and γ eff for several low-lying state. Fig. 15 . However, γ eff for the odd-Z La and Cs isotopes exhibits a more pronounced signature of shape phase transition when compared to the odd-N Ba and Xe nuclei: a significant change at N = 76 or 78 for the odd-A La, and at N = 76 for the odd-A Cs isotopes.
IV. CONCLUDING REMARKS
Using the recently proposed method of Ref. [20] , based on the microscopic framework of nuclear energy density functionals and the particle-core coupling scheme, we have analyzed signatures of QPTs in γ-soft odd-mass nuclei with mass A ≈ 130. The deformation energy surface of the even-even core nuclei, and the spherical single-particle energies and occupation probabilities of the unpaired nucleon, are obtained by relativistic Hartree-Bogoliubov SCMF calculations with a specific choice of the energy density functional and pairing interaction.
The microscopic SCMF calculations determine the parameters of boson and fermion Hamiltonians used to model spectroscopic properties of the odd-A 129−137 Ba, 127−135 Xe, 129−137 La and 127−135 Cs nuclei, whereas the strength parameters of the particle-core coupling are adjusted to reproduce selected empirical results of lowenergy spectra in odd-A systems. The method provides a very good description of spectroscopic properties of the γ-soft odd-mass systems. Even though phase transitions are smoothed out in finite systems, especially a secondorder QPT as the one considered here, and the physical control parameter takes only integer values (the nucleon number), the SCMF deformation energy surfaces and the resulting excitation spectra consistently point to a shape phase transition in the interval N = 76−78, both in eveneven and odd-mass systems. In particular, γ eff , evaluated using E2 matrix elements for transitions between lowlying states, clearly exhibits a discontinuity near N = 76 and 78, which signals the occurrence of a phase transition between nearly spherical and γ-soft shapes. The results obtained in this work, as well as in our previous studies on odd-A Sm and Eu [20, 24] , have shown that the method of [20] works not only in axially-deformed nuclei, but also in γ-soft or axially-asymmetric odd-mass systems, and enables a systematic investigation of the structural evolution in odd-A nuclei in medium-heavy and heavy-mass regions.
The necessity to fit the strength parameters of the boson-fermion coupling Hamiltonian to spectroscopic data in the considered odd-mass nuclei, presents a serious limitation of the current implementation of our IBF method. In contrast to the parameters of the boson and fermion Hamiltonians that are completely determined by the choice of a global EDF and pairing interaction, the boson-fermion coupling must be specifically adjusted for each odd-mass nucleus. This procedure, of course, limits the applicability to those nuclei for which enough lowenergy structure data are available to completely determine the strength of the various boson-fermion interaction terms. Therefore an important step forward would be to develop a method to microscopically determine, or at least constrain, the values of the boson-fermion coupling parameters. One possibility would be to perform SCMF calculations for odd-A systems and map the resulting deformation energy surface onto the expectation value of the IBFM Hamiltonian in the boson-fermion condensate state [44] . SCMF calculations for odd-A nuclei are, of course, computationally very challenging and such an approach would be difficult to apply in systematic studies of a large number of nuclei. Another strategy would be to derive the boson-fermion coupling from a microscopic shell-model interaction between nucleons in a given valence space [45] . In this approach the parameters can be determined by equating the matrix elements in the IBFM space to those in the shell-model space. The disadvantage of this method is that it requires the explicit introduction of a new building block, that is, the shell-model interaction. This is certainly an interesting problem and will be the topic of future studies and development of the semi-phenomenological model employed in the present analysis.
